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From the equations expressing mass and energy transfer in the solid and void regions of  a 
catalyst o f  micropores, conversion and temperature profiles are evaluated as a function of  the 
properties of  the particle and the reaction system. The method developed is illustrated with 
numerical calculations for a first-order, irreversible reaction. Microeffectiveness factors E ,  are 
derived from these profiles for several distribution functions for the size (radius) o f  the micropores. 

The results indicate that the nature of the pore-size distribution cannot affect E ,  more than 
about 10%. However effectiveness factors greater than unity are possible for exothermic reactions 
with high heats of reaction and particles of reasonable size. 

To treat pelletted catalysts, equations are also developed for determining conversion and 
temperature profiles in pellets formed by compressing the microporous particles These results 
are interpreted in terms of  macroeffectiveness factors E8, with values o f  E, applicable at various 
positions i n  the pellet. To illustrate the method of solution numerical values of  E ,  are deter- 
mined for a l imited range o f  parameters. The results indicate that  i n  pelletted catalysts large 
temperature gradients may exist. For an exothermic reaction this can lead to a significant in- 
crease in macroeffectiveness factor. 

The total rate of a chemical reaction 
on a porous catalyst pellet depends 
upon the extent of the internal surface 
and the size of the pores comprising 
this surface. The effectiveness of the 
internal surface is influenced by the 
temperature and the composition of 
the reacting mixture within the pellet. 
Diffusional resistance within the pores 
reduces the concentration in the direc- 
tion toward the center of the pellet 
and thus lowers the rate of reaction. 
For an exothermic reaction the ther- 
mal resistance leads to a higher tem- 
perature within the pellet, and this 
increases the rate of reaction on the 
internal surface. The purpose of this 
investigation is to determine the ef- 
fects of concentration and temperature 
gradients on the effectiveness of the in- 
ternal surface for reaction, taking into 
account the distribution of pore sizes 
in the catalyst pellet. The procedure for 
doing this will be to evaluate the con- 
version and temperature profiles within 
the pellet and then sum up the local 
reaction rates corresponding to each 
element of internal surface. Two cases 
are considered. In the first the catalyst 
consists of an assembly of micropores 
only, such as in silica gel. In the second 
pelletted materials are studied which 
are formed by compressing small par- 
ticles containing the micropores. In the 
resulting pellets there is a distribution 
of macropores between the particles as 
well as a distribution of micropores 
within the particles. After a brief sum- 

mary of the previous work in this area, 
a model of a catalyst pellet is proposed 
as a basis for calculation of the concen- 
tration and temperature profiles. 

PREVIOUS STUDIES 

Many porous catalysts have most of 
their pores with radii smaller than 
200A. Under commonly encountered 
conditions of temperature and pressure 
this size pore is considerably smaller 
than the mean free path of the gas, so 
that Knudsen (10)  diffusion occurs. 
Since the Knudsen diffusivity is given 
bv 

the diffusion flux is pressure independ- 
ent but dependent upon the pore size 
and temperature. Wheeler (15) has 
empirically generalized this result to 
cover the transition range from Knud- 
sen to bulk diffusion. His diffusion co- 
efficient is 

In a pioneer study Thiele ( 1 4 )  con- 
sidered the effect of diffusion, but not 
heat transfer, on reaction rates in por- 
ous catalysts. In other words the cata- 
lyst particle was assumed to be at  a 
uniform temperature throughout. The 
following expression was obtained for 
the effectiveness factor: 

(3)  

(4) 

1 ET = - tanh h 
h 

where 
V = 2 L" k / ~ .  D,  

Wheeler evaluated the effective diffu- 
sivity in accordance with Equation (2) 
and the effective pore radius as 

Equation ( 3 )  is for slab geometry, but 
other geometries have been investigated 
by Aris ( 1 )  and found to give similar 
results. 

More recently, temperature effects 
have been considered by Schulson ( 1  1 ) , 
who evolved a numerical solution pro- 
cedure for a Thiele type of model, and 
Beek ( 2 ) ,  who used a linearized model 
also to study multiple reactions. 

Henry ( 5 )  has measured diffusion 
rates in an alumina catalyst pellet and 
obtained an effective radius for Knud- 
sen diffusion about 10% larger than 
that predicted by Equation (5). Bok- 
hoven and van Raayen ( 3 ) ,  in studies 
with an ammonia catalyst, found large 
differences between observed values of 
T ,  and those given by Equation (5); 
however bulk diffusion may have been 
significant in their work. 

CATALYST MODEL 

In this study, a porous catalyst pellet 
is defined to mean the material formed 
by compressing a large number of small 
porous particles. This compression in- 
troduces a macroscopic pore-size dis- 
tribution between the particles whose 
pores are within the range 200 to 
10,000 A. (6) SO that bulk diffusion 
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should predominate. The normal mi- 
croscopic pore distribution still exists 
within the catalyst granules and is nor- 
mally within the Knudsen diffusion-size 
range. The distribution of micropore 
sizes can be anaIytically approximated 
by the method proposed by Mingle (9) .  
This concept of a pellet fits such mate- 
rials as pelletted alumina particles 
which show both a macro and micro- 
pore-size distribution. A homogeneous 
material such as silica gel contains no 
macropores. For a substance like this 
only the part of the following devel- 
opment concerned with micropore ef- 
fectiveness factors need be considered. 

The small microporous particles will 
be assumed to conform to the follow- 
ing model: 

1. The various sizes and lengths of 
pores can be represented by straight 
cylindrical pores of constant length 
with a radius governed by a pore-size 
distribution, Z ( r ) .  

2. All of the pore radii are within the 
range where Knudsen diffusion pre- 
dominates. 

3. Because of the interconnections 
between the actual pores the effective 
radius for Knudsen diffusion is ar, 
where (Y is assumed a constant inde- 
pendent of r. The numerical value of a 
can be obtained from measurement or 
prediction of diffusion rates ( 5 ) .  

4. An irreversible, surface chemical 
reaction of order n occurs on the walls 
of the pores with a rate constant gov- 
erned by an Arrhenius (11) type of 
expression. 

5. The heat of reaction is constant 
and is transferred to the pore mouth by 
conduction through only the solid 
phase of the catalyst. The equations 
are written in terms of effective thermal 
conductivity k,/e based upon the void 
area of the pore. 

6. Concentration and temperature 
gradients exist only along the length 
of the pore; that is no radial gradients 
exist. 

7. The average reaction rate for the 
particle can be obtained by averaging 
the individual pore reaction rates over 
the pore-size distribution. 

The assumptions governing the mac- 
roassembly of particles (the macropore 
region) consist of the following: 

1. The macroregion is homogeneous. 
2. The reaction at any point is the 

reaction rate for the conditions prev- 
alent at that point times the microeffec- 
tiveness factor evaluated for those same 
point conditions. 

3. Mass transfer effects are deter- 
mined by bulk diffusion. 
4. Heat transfer through the pellet 

is by conduction with a thermal con- 
ductivity of ks’, based upon the total 
area. 

5. The conditions at the surface of 
the pellet are constant. 

By means of the above model, tem- 
perature and concentration gradients 
are computed and used to evaluate 
effectiveness factors. 

MICROEFFECTIVENESS FACTORS 

The differential equations expressing 
the concentration and temperature 
within a single pore of radius are 

d 2 
dz - ( ~ x . ~ )  --k,,C“=O r (6) 

daT 2Qek, ,C” - + = 0 (7) 
d 2 r k, 

These equations can be put in dimen- 
sionless form by defining the following 
variables : 

e = ( T -  T , ) / T .  ( 8 )  

x= (C.-C)/C. (9) 

t = z / L  (10) 

(11) k, = A, @-B/R0T = k e B , @ / ( l + e )  
n o  

solutions are presented first for the 
linear case; then numerical solutions 
are given for the more general, or non- 
linear, case defined by Equations (15) 
and (16) .  

For this linear case the microdiffer- 
ential equations reduce to the form 

rE”X 
dP 

+ ‘PL(1-X) = 0 (17) - 

The boundary conditions are chosen 
so as to isolate the pore; that is 

The solution of Equations (17) through 
(19) for the conversion X and dimen- 
sionless temperature is 

X ( 1 )  =8’(1) =8(0) = X ( O )  (19) 

X ,  = 1 - cosh(V:”[) 

+ tanh (.I.:”) sinh (.~.:”t) (20) 

From these expressions the derivatives 
at the pore mouth are evaluated as 

X,’(O) = p:l2 tanh (Y:”) (22) 

6 , ‘ ( O )  = q3 tanh (y:lz) (23) 
where 

Yz ur, = - 

Evaluation of Effectiveness Factors 

To determine the effectiveness factor 
for the particle of micropores the re- 
action rate for a single pore of radius 
r is first evaluated. This latter quantity 
may be expressed in terms of the con- 
centration gradient at  the pore mouth 

1 & dX or the rate of reaction on the pore sur- 
face. Equation (25) denotes the equal- 

v2 = 2Q La E k. C.” 
(14) 

In terms of these quantities Equations 
(6 )  and (7)  become 

r k, T o  

-- 8 X  

dta 2(1+8) dl d% ity of these two expressions: 
+ - 

The Linear Case 

Under certain instances Equations 
(15) and (16) can be reduced to a 
form that is analyticall solvable. The 

the diffusion coefficient and the reaction 
rate are constant (independent of tem- 
perature), and that the chemical reac- 
tion is first order, irreversible. 
This set of assumptions constitute what 
is called the linear case. It  is noted that 
these assumptions do not preclude a 
temperature gradient in the particle 
but do require that the conversion gra- 
dient and ultimately the effectiveness 
factor not be affected by the temper- 
ature variation. In this paper analytical 

assumptions necessary Y or this are that 

The bar indicates an average value for 
one pore. If now the rate per pore is 
averaged over the distribution of mi- 
cropores in the particle, there is ob- 
tained 

S” 2 P r ~ k , ~ ” ~ ( r ) d r  

= k,C” S” 2rrLZ ( r )  dr (26) 

where the double baT indicates an 
average value for the catalyst particle. 
The microeffectiveness factor is de- 
fined as the actual reaction rate com- 
pared with the rate if all the internal 
surface were available at pore mouth 
conditions. In terms of Equations (25) 
and (26) E ,  is given by 

__ __ 

0 
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k,C." f." T Z  ( T )  dr 

- ~ D K , , e ( o ) l ' z ( T ) d r  

(27) - - 
2kn.c^ s" TZ ( T) dr 

Expressed in terms of the dimensionless 
parameter yl this is 

f." (0  ) z ( Yd dP1 
E ,  = (28) f." %-=z (Yl) dY1 

where Z(v1) is the pore-size distribu- 
tion in terms of y1. In this paper two 
types of distribution functions will be 
used, a pseudo-Maxwellian and a 
Gaussian. Written in terms of vl these 
are 

- 
Z' ( yl) = A"q;1/2 e - a ~ ( W W l z  (29) 

Z" ( ql) = A" e-82[ai(J/I/ILi)1/Z-lla (30) 

The value of a is 3, 1.1246, and 1.0200 
for a Maxwellian, Gaussian (/3 = 2) and 
Gaussian (/3 = 5) pore-size distribu- 
tion function, respectively. 

Equations (27) or (28) are general 
expressions for E ,  within the limitation 
of the stated assumptions. Either of 
these along with the solutions to Equa- 
tions (15) and (16) constitute the 
solution to the general case. While the 
results must be obtained by numerical 
methods, they can be expressed in 
equation form by adding a deviation 
term to the analytical solution for the 
linear case. Equations (31) through 
(35) illustrate the results for a particle 
with pores of a single size. 

In this limiting situation of uniform 
pore size the distribution function is 

Z"-" = A" S(yl - g) (31) 

Y,.4.1 
0.2 - - 

1 

-2 0 2 3 

LOGuo TI 

Fig. 1. Pore-size distribution effect on microef- 
fectiveness factor. 
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Fig. 2. Micropore conversion and temperature 
profiles, t,bl = 2.319, t,b3 = 1, B. = 1. 

which corresponds to a /3 value of in- 
finity. One obtains the effectiveness 
factor from Equation (28), using 
Equation (31): 

The derivative of the conversion pro- 
file at the pore mouth can be repre- 
sented as the sum of the linear-case 
contribution, from Equation (22),  and 
a deviation term as follows: 

X ( 0 )  = X t ' ( 0 )  + A X ( Q )  

= Y??I2 tanh T:" + A X  (0)  (33) 
Substituting this expression in Equation 

= ECT + T m(o) (34) 
TI 

The last equality comes from the fact 
that for the linear case for one pore size 

Comparing Equation (35) and Equa- 
tion (3)  one sees that the first term in 
Equation (34) is simply the Thiele 
effectiveness factor. I t  will be referred 
to as the Thiele number. With this ap- 
proach the quantity AX' (0) /$, repre- 
sents the deviation of E ,  due to non- 
linear effects. Equations (31) ,  (32),  
and (34) are restricted to the limiting 
size distribution G - 00.  The general 
solution is represented by Equations 
(15), (16), and (28). 
EVALUATION OF 
MICROEFFECTIVENESS FACTORS 

The effect of pore-size distribution 
on the microeffectiveness factor for the 
linear case is shown by some of the 
curves in Figure 1. The pore-size dis- 
tributions cover the practical range 
encountered physically, since the Max- 
wellian function represents a wider than 
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- 
y1 = h' (35) 

normal spread. The Gaussian (/3 = 5)  
and Gaussian (6 = ca) are identical 
within the accuracy shown in Figure 1. 
The effect of size distribution is seen to 
be small, with a maximum of 10% de- 
viation for a small range nearTl values 
of unity. 

The nonlinear differential Equations 
(15) and (16) were solved, with an 
IBM-650 digital computer, for a range 
of values of T ~ , B ~ , ~ ~  and for Maxwellian 
and Gaussian pore distributions. The 
specific combinations of numerical val- 
ues of these variables for which solu- 
tions were obtained are shown in Table 
1'. Only a first-order, irreversible reac- 
tion was considered. Temperature and 
conversion profiles are illustrated in 
Figure 2 for specific values of the pa- 
rameters. Also included on the figure are 
linear-case profiles with adjusted pa- 
rameters identified as x, (vl = 2.819) 
for the conversion profile and O 1  ( Y ~  = 
1.154) for the temperature. The close 
agreement between the two cases sug- 
gests that a variation of parameter tech- 
nique (6)  might be employed as an 
alternate means of solution. 

Figure 3 illustrates the variation of 
the initial derivative of the conversion 
profile with the micro-mass-transfer 
parameter, v1. A curve for the linear 
case is also included on the plot. The 
complete resuIts are shown in Table 2." 
Effectiveness factors were evaluated 
from Equation (28) for various pore- 
size distributions with the data in Table 
2. The results are presented in Table 3 
and illustrated for two cases by the 
dotted curves in Figure 1. It is noted 
that effectiveness factors greater than 
unity are obtained for Thiele numbers 
near 0.1. The highest value calculated 
was over 12 (Table 3) .  However these 

~ 

0 Tabular material has been deposited as doc- 
ument 6622 with the American Documentation 
Institute, Photoduplication Service, Library of 
Congress, Washington 25, D. C., and may he 
obtained for $1.25 for photoprints or for 35-mm. 
microfilm. 

v:" 

Fig. 3. Mass and heat transfer effects on pore 
mouth conversion gradient. 
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TABLE 3. EFFECTIVENESS FACTORS FOR 
MICROPOROUS PARTICLES BASED UPON EQUATION ( 28 ) 

*3 B.  Loglo% EC' 

1 1 -1 1.029 
0 0.765 
1 0.327 
2 0.100 

10 1 -1 1.379 
0 1.023 
1 0.403 
2 0.103 

1 5 -1 12.7 
0 2.59 
1 0.593 
2 0.107 

0' O* -1 0.922 
0 0.675 
1 0.305 
2 0.100 

* $3 = Bs = 0 constitutes the linear case. 

high results are misleading, since ex- 
ternal mass transfer effects have been 
neglected, and since the heat of reac- 
tion necessary to obtain the required 
parameter values is usually high. An 
effectiveness factor greater than unity 
is possible for only an exothermic re- 
action, that is a positive value of ut,. 

The nonlinear contribution to E,, de- 
fined by Equation (34) for particles 
with uniform pore size, is illustrated in 
Figure 4 for certain values of T3 and 
B,. The curve for v3 = 1 is especially 
useful because the deviation from linear 
behavior is itself a straight-line func- 
tion of the combined variable Ta B,, 
provided this variable is less than or 
equal to unity. This condition results in 

E ,  (v3, BO,\ul) = E c T ( T 1 )  

+ T , B , A E , ( % , V ~ =  i , ~ , =  1) (36) 

MACROEFFECTIVENESS FACTORS 

If the catalyst consists of a pellet of 
microporous particles, the previous 
results for E ,  can be used for the effec- 
tiveness factor of each particle. The 
value of E ,  will change depending upon 
the location of the particle in the pel- 
let because the temperature and con- 
version change. Hence it is necessary 
to evaluate the conversion and temper- 
ature profiles in the pellet with the lo- 
cal values of E ,  before an over-all 
pellet effectiveness factor E ,  can be 
determined. When one uses the pre- 
mentioned assumptions for the macro- 
pore region, differential equations for 
conversion and temperature written in 
vector notation are 

V .  ( D ' V C )  .- p S, E ,  k, C" = 0 ( 3 7 )  

k , ' V 2 T + p S , Q E , k , C " = 0  (38) 
These expressions can be made dimen- 

E,+= 

1.064 
0.844 
0.333 
0.100 

1.424 
1.136 
0.410 
0.100 

2.45 
1.52 
0.283 

0.956 
0.733 
0.313 
0.100 

10.6 

E,"-" 

1.069 
0.884 
0.333 
0.100 

1.607 
1.192 
0.417 
0.100 

2.38 
0.800 
0.100 

0.968 
0.762 
0.315 
0.100 

11.4 

sionless by introducing the variables 

c, - c 
c, x. = - (39) 

T - T T ,  
e, = (40) 

I S  

5 = T / R  (41) 

(42) 

(43) 

and defining the parameters 

cpl = p S, R2 k,, C,"-'/D' 

~ p .  = p S o  R2 Q km Cs"/ka' Ts 

E 
B ,  = - 

R, T ,  
(44) 

It  may be noted that 

and 

When one uses these variables and 

(45) 

D' = ~ ~ ' ( 1  + ea) l /z / ( i  + f x , )  (46) 

k - L, eB,6,1(1+o,) 
n -  

(THIELE NUMBER, b'R 

Fig. 4. Nonlinear contribution to microeffective- 
ness factor. 

definitions, Equations ( 3 7 )  and ( 3 8 )  
become 

1 d8. d X .  d'X, 
d5' 2 ( 1 + 8 , )  d 5  d5  

f d X ,  a A, d X .  

-- + 

- T - t l x _ ( d r ) + / d i  
$ 0 1  E o ( 1  - X , ) " ( l +  fX,) 

(1 + 8,)1'2 + 
(47) ea,e , /c l+e,)  = 0 

8 e .  A, d ~ ,  
d5" 5 d 5  

The symbol A. equals 0, 1, or 2 for slab, 
cylindrical, or spherical geometry, re- 
spectively. 

The microeffectiveness factor is a 
function of Gl, T,, and B,, which in 
themselves are functions of X ,  and 8,. 
Relating these parameters to their val- 
ues at the pellet surface, one gets the 
functional relationship of E ,  as 

E ,  = E ,  (Tl,v3,B0) = E c  {via 

+ -- 
+ c p 2 ( 1 -  X , ) " E ,  esses/(l+ed = 0 (48) 

- 

(1 - X )"-I( 1 + e8)- ' /z e'aea/(l+e,) 

* a a (  1 - X , )  a (1 + 61)s'4 
e ~ , o , / s c i t e , )  ,B8/ (1  +@,)I (49) 

In pellets the temperature gradients in 
the small microporous particles gen- 
erally are small. Hence each micropa- 
rameter can be evaluated separately, 
and it is only necessary to look up E ,  
as a function of c, RS in Table 2. 

The macroeffectiveness factor E ,  is 
defined as the actual reaction rate com- 
pared with the surface reaction rate if 
both were utilizing the total internal 
surface area. An equation for E .  can 
be developed by writing the two ex- 
pressions for the rate of the reaction, 
just as was done for the microcase in 
Equation (25) .  In terms of the average 
rate 

E,k,C" - D ' , k , V C ( R )  

(50) 
Here A,/R is the ratio of surface to 
volume and is 3, 2, or 1 for a sphere, 
cylinder, or slab, respectively. In di- 
mensionless form Equation (50) be- 
comes 

E ,  =-A,VX,(1)/p1 (51) 
This is the final expression for E,  for 
the model proposed. The integrations 
of Equations (47) and (48) ,  along 
with Equation (51) ,  comprise the 
solution for the general case. 

As in the microporous particle, 
Equations (47) and (48) can be 
solved analytically for the linear case. 
TO do this it is noted that for spherical 
pellets Equation (47) and (48) re- 
duce to 
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Fig. 5. Micropore distribution effects on rnacro- 
effectiveness factors, linear case. 

0.2 

dZo8 2 d 8, -+ - -  + cp,E,(l-XX.)= 0 
d 5 "  5 d 5  

1 

(53) 
The boundary conditions are 

x,(i)  = e , ( i )  = x:(o) 
= l Y , ( O )  = 0 (54) 

Here E, is a function only of TI. This 
quantity is a constant for the linear 
case. Then the solution of Equations 
( 5 2 ) ,  (53), and (54) is 

( 5 5 )  
sinh ( A  5 )  

5 sinh A 
x , = 1 -  

where 

Substituting the conversion gradient 
obtained by differentiating Equation 
( 5 5 )  in Equation (51) one gets the 
macroeffectiveness factor for the linear 
case. The result is 

(57) I f 2  A = (cplEo) 

3 

cpl 
E, = - ( ~ ~ 0 t h ~ -  1) 

( A  coth A - 1) (,58) 
3 E ,  

A2 
- -- 

WALUATION OF 
MACROEFFECTIVENESS FACTORS 

The effect of micropore-size distri- 
bution on the effectiveness factor for 

TABLE 5. IIIUSTRATION OF CALCULATION OF MICRO AND 
MACRO EFFECTIVENESS FACTORS FOR A TYPICAL CATALYST 

Quantity 

n 
p-g./cc. 
S,-sq. m./g. 

k,,--cm./sec. 
C.-g. moles/cc. 
Q-cal./g. mole 
k,'--cal./( cm. sec. O K . )  

D,-sq. cm./sec. 

k m .  
r-A. 
Dn.-sq. cm./sec. 
E-cal./g. mole 
M' 

k,--cal./( cm. sec. O K . )  

*I. 

$88 

B .  
4P. 

EC1 

E,. 
E .  

R-CJ~. 

TS--"K. 

r 

- 
- 

(Y 

- 

? 

Case 1 

1 
1.3 

310 
0.2 

7.43 x 
3 x lo-& 

2.32 x 10' 
8 x 10" 
400 

0.2 
0.5 
0.01 

22 
6.75 x 10" 
3,980 

40 
1 .o 

8 x 
1 
0.1 
5 
6 

260 
0 
0.762 
0.822 - 

Case 2 

1 
1.3 

310 
0.2 

7.43 x me 
3 x 10-~ 

8.88 x 10' 
8 x lo-' 
400 

0.2 
0.5 
0.01 

22 
6.75 x lo3 
3,980 

40 
1.0 

8 x 
1 

5 
6 
1 
0 
0.762 
0.762 
0.65 

3.83 x 10-3 
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Fig. 7. Macroparticle conversion and tempera- 
ture profiles, cpl = 6, p = 1, $la =1, $3s 

= 0.1, B, = 5, f = 0, G - w case. 

- 

the whole pellet can be obtained for 
the linear case from Equation ( 5 8 ) ,  
since only E, is affected by this distri- 
bution. FiguTe 5 shows this effect - to 
be a maximum near a value of ylS 
equal to unity and to decrease as 
changes to lower or higher values. As 
in gel type of catalysts the deviation 
due to micropore-size distribution is less 
than 10% at all times, with the Gaus- 
sian ( P  = w )  distribution giving the 
highest value and the Maxwellian the 
lowest value. Variations of the same 
order of magnitude would be expected 
to apply to nonlinear cases. Harriott 
( 3 )  has proposed a treatment of the 
combined effect of micro and macro- 
effectiveness factors that is similar to 
Equation (58) except that no distribu- 
tion of pore sizes is used. 

In evaluating the nonlinear case 
only first order exothermic reactions 
were considered. Equations (47) and 
(48) were solved numerically on the 
computer and E ,  values computed 
from Equation (51) for the parameter 
values shown in Table 1 and for a uni- 
form (G  - 00) micropore-size distri- 
bution. The results are presented in 
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Fig. - 8. Variation of micropammeterr Ee, 8 ,  
- $3, $1 within macroparticle, cpl = 6, (pa = 1, 

case. 
$18 = 1, $38 = 0.1, Bs = 5, f = 0, G - to 
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Table 4.O The individual parameters 
were chosen primarily to show the 
magnitude of nonlinear effects rather 
than be physically representative. To 
illustrate the relationship between the 
parameters and the properties of the 
reaction and catalyst, two specific 
cases are shown in Table 5 .  The effec- 
tiveness factors shown were taken 
from plots of the data of Table 4. 
Case 1 is calculated so as to produce a 
~r , ,  value of 0.1 and has a very high 
heat of reaction, as well as a rather 
slow reaction rate constant. Case 2 is 
calculated to produce a cp2 value of 
unity and shows a reasonable heat of 
reaction. Under these latter circum- 
stances the qsv value becomes quite 
low and leads to a negligible nonlinear 
contribution to the effectiveness factor 
for the microregion. This is indicated 
in the table by the equivalence of E,' 
and the effectiveness factor E,, evalu- 
ated a t  the conditions of the pellet 
surface. On the other hand the micro- 
effectiveness factor for Case 1 increases 
over the linear solution value owing 
to the temperature variation through 
the pellet. A value of E ,  is not shown 
for Case 1 because it is beyond the 
range of computations. I t  would be 
enmmous as a result of the very large 
temperature gradient. In contrast E ,  
for Case 2 is less than E ,  because the 
temperature gradient is negligible, al- 
lowing the diffusion resistance in the 
macropores to decrease the effective- 
ness factor of the pellet as a whole. 

I t  is to be noted that temperature 
effects are greatly accentuated in the 
macropellet because of its larger size. 
The ratio of the corresponding param- 
eters for the macro and microcases is 

cp,/*T,, = p S,RaGDh,/2 L'D,' = 10 

(59) 
pr/T3y g y 3 / a  = p S,R%k,/ 

2Lz6k,' = 1000 (60) 

The numbers are approximate values 
for a siIica-alumina type of porous 
catalyst. For mass transfer the ratio of 
( R / L ) "  is compensated for by the 
D,,/D,' ratio. However this effect is 
missing in the heat transfer case, since 
k, / rk , '  does not vary from unity to a 
very large degree. 

The effectiveness factors from Table 
4 are shown graphically in Figure 6. 
The lines of constant cpz yepresent 
changes in the heat of reaction. Since 
Equation (55) shows no maximum 
with ql, the temperature will continue 
to rise as pl is reduced; that is the bulk 
diffusion coefficient increases. Chang- 
ing the reaction rate constant will ef- 
fect both cpl and q2 so that this effect 
cannot be shown simply in Figure 6. 

See footnote on page 245 
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The resulting conversion and tem- 
perature profiles are shown for a sin- 
gle set of values of cpl and p. in Figure 
7. In this case the adjusted linear pro- 
files, identified as X a L [ X 9 ' ( l )  = - 
1.3431 for the conversion profile and 
as 8,' [@,'(1) = - 0,23261 for the 
temperature profile, do not fit as well 
as for the microcase. The variation of 
the microparameters q,, v8, B,, and E ,  
with position 5 in the macropellet are 
illustrated in Figure 8. These curves 
indicate a considerable change from 
center to surface of the pellet. This re- 
sults from the temperature and conver- 
sion variations through the pellet. 

Beck (2)  has linearized the tem- 
perature dependence of the reaction 
rate to the form 

Rate = al + GC + %T (61) 

He has shown that this approach over- 
compensates for temperature effects. 
However it does correctly indicate that 
effectiveness factors greater than unity 
are entirely feasible. 

The results presented here for pel- 
letted catalysts serve to indicate the 
method of solution. The same pro- 
cedure could be used to obtain E ,  over 
a range of values of c., Y~,, B., f, 
and for any micropore-size distribu- 
tion. The solution of the differential 
equations were obtained by numerical 
means. Hence the same procedure 
could be used to compute conversion 
and temperature profiles, and effec- 
tiveness factors, for gel or pellet type 
of catalysts, and for any reaction whose 
rate is known. 
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NOTATION 

A = normalization constant for pore 
size distribution function 
[Equations (29) and (30)] 

A,, = frequency factor in Arrhenius 
rate equation 

a = ratio of most probable to 
average pore radius 

a j  = constants in Equations (29) 
and (30) 

B, = E/R,T, 
C = concentration 
D = diffusion coefficient 
D' = effective diffusion coefficient 

in the macropores, based upon 
the total area (bulk diffusion) 

= effective Knudsen diffusion co- 
efficient 

D ,  

D ,  = bulk diffusion coefficient 

E ,  = effectiveness factor for a 
microporous particle, defined 

= Knudsen diffusion coefficient 

A.1.Ch.E. Journal 

by Equation (28); E,' is the 
Thiele number, the value of 
E ,  for the linear case with 
one pore size, defined by 
Equation (34); E,, = Eo 
evaluated at conditions edst- 
ing at the surface of a pellet. 

= effectiveness factor for a pel- 
let formed by compressing 
microporous particles; the 
macroeff ectiveness factor 

= fractional increase in number 
of moles in a reaction [Equa- 
tion (46)] 

G - @ = Gaussian distribution func- 
tion (a = 2, 5, or infinity) 

h = Thiele modulus defined by 
Equation (4) 

k,, = surface reaction rate constant 
for reaction of order n; k = 
first-order constant 

= thermal conductivity of solid 
catalyst in microporous parti- 
cle, based upon total void and 
solid area 

= thermal conductivity of solid 
catalyst in a pellet, based 
upon total area 

E ,  

f 

lc. 

k,' 

L = pore length 
M' = molecular weight 
M = Maxwellian distribution 
n = order of reaction 
Q = energy evolved in a reaction 

( Q  is positive for an exother- 
mic reaction) 

R = radius of pellet 
R, = gas constant 
r = pore radius 
r 
r ,  

r = radius vector 
S ,  

T = absolute temperature 
V = volume 
V, 

catalyst 
V, = volume of pellet 
X = conversion in the micropore 

=L ( C ,  - C)/C, 
X ,  =1 conversion in the pellet = 

( C ,  - C)/C* 
Z(r) = pore size distribution function 

in terms of r 
Z ( q , )  = pore size distribution func- 

tion in terms of V, 
z = distance from mouth of micro- 

pore ( z  = 0 at pore mouth, 
z = L at end of pore) 

- 
= average pore radius, 2V,/S, 
5 effective pore radius for dif- 

fusion 
- 

= internal surface area per unit 
mass of catalyst 

= void volume per unit mass of 

Greek Letters 
(Y = r,/r 
,8 

distribution 
S = Dirac-delta function 
E = void fraction 
5 = dimensionless distance in pel- 

@ = dimensionless temperature in 

= width parameter for Gaussian 

let, r / R  

the micropore, ( T  - T , ) / T ,  

June, 1961 



dimensionless temperature in 
the pellet, ( T  - T , ) / T ,  
geometry factor [Equation 
(51) 1 

~ I -  

geometry factor [Equation 
(47) 1 
dimensionless distance in the 
micropore, z /L ;  f = 0 at 
pore mouth, E = 1 at end of 
pore 
apparent or bulk density of 
the catalyst material 
macro mass transfer parame- 
ter, defined by Equation (42) 
macro heat transfer parameter, 
defined by Equation (43) 
micro mass transfer parameter, 
defined by Equation (13) 
Thiele number, value of T, 
when r = r 
micro heat transfer parameter, 
defined by Equation (14) 
T2/V?‘2 
(a E,)’”, defined by Equa- 
tion (57)  

- 

Subscripts 

e = effective 
K = Knudsen 
I = linear case 

n = order of reaction 
o = conditions at the mouth of 

the micropore, that is condi- 
tions at the surface of the 
microporous particle 

s = conditions at the surface of 
the macropellet 

Superscripts 

G = Gaussian 
I = linear case 
M = Maxwellian 
T = Thiele 

Calculus 

Prime = differentiation 
( j )  = evaluation at value of inde- 

pendent vaTiable = j 
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Effective Thermal Conductivity in Packed 

Beds 
C. D. GOPALARATHNAM, H. E. HOELSCHER, and G. S. LADDHA 

Alagappa-Chettiar College of Technology, University of Madras, India 

Values of the effective thermal Conductivity Ke for liquids in packed beds have been obtained 
from heat transfer studies in such beds. The method applied by Yagi and Kunii for gases is  
clarified, their model is extended and is then applied to liquids. Experimental data for three 
different packings, glass, steel, and aluminum, with spheres of DP/DT ratio from 0.07 to 0.33 
have been correlated. A brief comparison of the results from this analysis with previously pub- 
lished results from similar studies i s  presented. 

The process of heat transfer into 
and through packed beds and tubes 
has been the subject of numerous ex- 
perimental studies. Heat transfer 
studies in packed beds have resulted 
in publication of many different cor- 
relations for the effective thermal con- 
ductivity in terms of the physical and 
operational parameters of the systems 
(I, 2, 5, 8, 15, 17, 18). Such correla- 
tions are useful for design purposes 
where the conditions of the given 

H. E. Hoelscher is at The Johns Hopkins Uni- 
versity, Baltimore, Maryland. 

problem are within the stated limita- 
tions of the correlation but do not 
geherally contribute to our understand- 
ing of the physics of this process. Re- 
cently Yagi and Kunii (14) proposed 
a model for heat transfer to gases in 
packed beds and derived an equation 
which contributes considerably to an 
understanding of the physical processes 
which are of importance in determin- 
ing the effective conductivity. This 
model is used as a starting point in 
the present paper. This paper presents, 
first, some experimental values of ef- 

fective conductivity obtained for an 
extended range of particle to tube 
diameter ratios and for various liquids 
flowing through beds of spheres com- 
posed of either glass, steel, or alumi- 
num. In addition a further clarification 
and extension of the Yagi-Kunii physi- 
cal model is shown. 

In the past two different types of 
studies in this field have been made. 
In the first of these effective conduc- 
tivities were measured from mixed 
mean average temperatures inlet and 
outlet, known constant wall tempera- 
tures or a known constant wall heat 
flux rate, and the operating character- 
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